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THE CONSTANT FACTOR IN THE ASYMPTOTIC
FOR PRACTICAL NUMBERS
ANDREAS WEINGARTNER
Abstract. An integer n ≥ 1 is said to be practical if every natural
number m ≤ n can be expressed as a sum of distinct positive divisors of
n. The number of practical numbers up to x is asymptotic to cx/ log x,
where c is a constant. In this note we show that c = 1.33607....
1. Introduction
Following Srinivasan [7], we call an integer n ≥ 1 practical if every natural
number m ≤ n can be expressed as a sum of distinct positive divisors of n.
Let P (x) be the number of practical numbers up to x. Margenstern [4]
conjectured that P (x) is asymptotic to cx/ log x and gave the empirical
estimate c ≈ 1.341. This conjecture was confirmed with the estimate [9,
Thm. 1.1]
P (x) =
cx
log x
{
1 +O
(
log log x
log x
)}
. (1)
The constant factor c is given by the sum of an infinite series [11, Thm. 1],
c =
1
1− e−γ
∑
n∈P
1
n
( ∑
p≤σ(n)+1
log p
p− 1 − log n
) ∏
p≤σ(n)+1
(
1− 1
p
)
, (2)
where γ is Euler’s constant, P is the set of practical numbers, p runs over
primes and σ(n) is the sum of the positive divisors of n. As a consequence,
Corollary 1 of [11] states that 1.311 < c < 1.693. The purpose of this note
is to establish a more precise estimate for c.
Theorem 1. We have 1.336073 < c < 1.336077.
While in [11] we used the extremal behavior of σ(n) to estimate the con-
tribution to (2) from large n, here we apply the new identity in Lemma 2
together with the multiplicativity of σ(n). As a result, the remaining gap
in Theorem 1 is almost entirely due to the error term of Lemma 4 when
estimating the inner sum over primes in (2).
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2. Lemmas
As Lemmas 1 and 2 apply to other sets of numbers besides the practical
numbers, we recall the general setup from [10].
Let θ be an arithmetic function, θ : N→ R ∪ {∞}. We write B to denote
the set of positive integers containing n = 1 and all those n ≥ 2 with prime
factorization n = pα11 · · · pαkk , p1 < p2 < . . . < pk, which satisfy
pj+1 ≤ θ(pα11 · · · pαjj ) (0 ≤ j < k),
where pα11 · · · pαjj is understood to be 1 when j = 0. As in [10], we assume
that
θ : N→ R ∪ {∞}, θ(1) ≥ 2, θ(n) ≥ P+(n) (n ≥ 2), (3)
where P+(n) denotes the largest prime factor of n. The assumptions in (3)
only eliminate the trivial case B = {1}. Let B(x) be the number of positive
integers n ≤ x in B. We write χ(n) to denote the characteristic function of
the set B.
Sierpinski [6] and Stewart [8] found that if θ(n) = σ(n) + 1, then B = P.
Lemma 1. Let θ satisfy (3). For Re(s) > 1 we have∑
n≥1
χ(n)
ns
∏
p≤θ(n)
(
1− 1
ps
)
= 1.
If B(x) = o(x), the equation also holds at s = 1.
Proof. The case Re(s) > 1 is [11, Lemma 1]. The case s = 1 is [10, Theorem
1]. When s = 1, the series actually converges for any B to a value L ∈ [0, 1]
(see [10, Lemma 4]), with L = 1 if and only if B(x) = o(x) (see [10, Theorem
1]). 
Lemma 2. Let θ satisfy (3). Let q be prime and h ∈ N. For Re(s) > 1 we
have∑
n≥1
qh||n
χ(n)
ns
∏
p≤θ(n)
(
1− 1
ps
)
=
1− 1/qs
qsh
∑
n≥1
θ(n)≥q
χ(n)
ns
∏
p≤θ(n)
(
1− 1
ps
)
.
If B(x) = o(x), the equation also holds at s = 1.
Proof. We first assume Re(s) > 1. Each natural number m with prime
factorization m = pα11 p
α2
2 · · · pαkk , p1 < p2 < . . . < pk, factors uniquely as
m = nr, where n = pα11 p
α2
2 · · · p
αj
j ∈ B and pj+1 > θ(n) for some j with
0 ≤ j < k, or m = n ∈ B and r = 1. If qh||m then either qh||n or qh||r.
Accordingly
∑
m≥1
qh||m
1
ms
=
∑
n≥1
qh||n
χ(n)
ns
∏
p>θ(n)
(
1− 1
ps
)−1
+
∑
n≥1
θ(n)<q
χ(n)
ns
1
qhs
∏
p>θ(n)
p 6=q
(
1− 1
ps
)−1
.
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On the other hand,
∑
m≥1
qh||m
1
ms
=
1
qhs
∏
p 6=q
(
1− 1
ps
)−1
=
1− 1/qs
qhs
∏
p≥2
(
1− 1
ps
)−1
.
Setting the right-hand sides equal and dividing by ζ(s) =
∏
p≥2 (1− p−s)−1
yields
1− 1/qs
qhs
=
∑
n≥1
qh||n
χ(n)
ns
∏
p≤θ(n)
(
1− 1
ps
)
+
1− 1/qs
qhs
∑
n≥1
θ(n)<q
χ(n)
ns
∏
p≤θ(n)
(
1− 1
ps
)
.
For Re(s) > 1, the result follows now from Lemma 1. To show that the last
equation, and hence Lemma 2, also holds at s = 1 if B(x) = o(x), it suffices
to show that the last two sums are continuous from the right at s = 1. We
have ∏
p≤θ(n)
(
1− 1
ps
)
≍ s− 1 + 1
log θ(n)
,
uniformly for n ≥ 1 and 1 ≤ s ≤ 2, by [11, Eq. (24)]. Thus, uniformly for
1 ≤ s ≤ 2,
∑
n>N
χ(n)
ns
∏
p≤θ(n)
(
1− 1
ps
)
≪
∑
n>N
χ(n)
ns
(s − 1) +
∑
n>N
χ(n)
ns
1
log θ(n)
= GN (s) +HN (s),
say. Since B(x) = o(x), partial summation shows that GN (s) = o(1) as
N → ∞, uniformly for 1 ≤ s ≤ 2. We have HN (s) ≤ HN (1) = o(1) as
N →∞, since the series in Lemma 1 converges when s = 1. It follows that
GN (s)+HN (s) = o(1) as N →∞, uniformly for 1 ≤ s ≤ 2, which concludes
the proof. 
Lemma 3. Let θ(n) = σ(n) + 1. We have
∑
n≥1
χ(n)
n
log
(
σ(n)
n
) ∏
p≤θ(n)
(
1− 1
p
)
=
∑
n≥1
χ(n)
n
∑
q≤θ(n)
Wq
∏
p≤θ(n)
(
1− 1
p
)
,
where p and q run over primes and
0 < Wq :=
∑
h≥1
1− 1/q
qh
log
(
1− 1/qh+1
1− 1/q
)
<
1
q(q − 1) .
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Proof. The multiplicativity of σ(n) and Lemma 2 yield∑
n≥1
χ(n)
n
log
(
σ(n)
n
) ∏
p≤θ(n)
(
1− 1
p
)
=
∑
n≥1
χ(n)
n
∑
qh||n
log
(
1 +
1
q
+ · · · + 1
qh
) ∏
p≤θ(n)
(
1− 1
p
)
=
∑
q≥2
h≥1
log
(
1− 1/qh+1
1− 1/q
) ∑
n≥1
qh||n
χ(n)
n
∏
p≤θ(n)
(
1− 1
p
)
=
∑
q≥2
h≥1
log
(
1− 1/qh+1
1− 1/q
)
1− 1/q
qh
∑
n≥1
θ(n)≥q
χ(n)
n
∏
p≤θ(n)
(
1− 1
p
)
=
∑
q≥2
Wq
∑
n≥1
θ(n)≥q
χ(n)
n
∏
p≤θ(n)
(
1− 1
p
)
=
∑
n≥1
χ(n)
n
∑
q≤θ(n)
Wq
∏
p≤θ(n)
(
1− 1
p
)
.
The convergence of these series follows from (1). We have
0 < Wq <
∑
h≥1
1− 1/q
qh
log
(
1
1− 1/q
)
= − log(1− 1/q)
q
<
1
q(q − 1) .

Lemma 4. Let
η(x) =
∑
p≤x
log p
p− 1 − log x+ γ (4)
and
δ(x) =
∑
p≤x
log p
p
− log x+ γ +
∑
p≥2
log p
p(p− 1) = η(x) +
∑
p>x
log p
p(p− 1) (5)
We have
|η(x)| ≤Mk, |δ(x)| ≤Mk (x ≥ 2k),
where Mk is given by
k Mk × 105
24 36.80
25 27.65
26 17.60
27 13.04
28 8.173
k Mk × 105
29 6.377
30 5.122
31 3.143
32 2.174
33 1.654
k Mk × 105
34 1.101
35 0.833
36 0.569
37 0.438
38 0.305
Table 1. The values of Mk are best possible apart from rounding.
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Proof. Let ϑ(x) =
∑
p≤x log p and ψ(x) =
∑
pj≤x log p. By Eq. (4.21) of
Rosser and Schoenfeld [5], we have
δ(y) − δ(x) = ϑ(y)− y
y
− ϑ(x)− x
x
+
∫ y
x
ϑ(t)− t
t2
dt. (6)
Bu¨the [2, Thm. 2] showed that −1.95√x ≤ ϑ(x)−x < −0.05√x for 1423 ≤
x ≤ 1019. Together with (6) we get, for 1423 ≤ x ≤ y ≤ 1019,
δ(x) +
x− ϑ(x)
x
− 3.9√
x
≤ δ(y) ≤ δ(x) + x− ϑ(x)
x
− 0.05√
x
. (7)
Rosser and Schoenfeld [5, Thm. 13] found that |ψ(x)−ϑ(x)| < 1.4262√x
for all x > 0. Dusart [3, Prop. 3.2] gives inequalities of the form |ψ(x)−x| ≤
ǫix for x ≥ ebi . Hence∣∣∣∣ϑ(x)− xx
∣∣∣∣ ≤ 1.4262ebi/2 + ǫi (x ≥ ebi),
where the pairs (bi, ǫi) take the values (log(10
19), 1.161× 10−7), (45, 1.225×
10−8),. . ., (500, 1.215× 10−11), according to [3, Table 1]. Together with (6),
we find that
|δ(y) − δ(x)| ≤ 2.630 × 10−7 (1019 = x ≤ y ≤ e600). (8)
Finally, for y ≥ e600 we use Proposition 8 from Axler [1]:
|δ(y)| ≤ 3
40 log2 y
+
3
20 log3 y
≤ 2.091 × 10−7, (y ≥ e600). (9)
We now show how these inequalities give rise to Table 1. We only need to
verify the case k = 38. The other values ofMk in Table 1 follow by computer
calculation. With the computer we verify that 0 < η(x) < δ(x) < M38 =
3.05 × 10−6 for 238 ≤ x ≤ 239. For x = 239, we calculate δ(x) and ϑ(x) and
use (7) to obtain
|δ(y)| ≤ 2.652 × 10−6 (239 ≤ y ≤ 1019).
With (8) this implies
|δ(y)| ≤ 2.652 × 10−6 + 0.263 × 10−6 = 2.915 × 10−6 (239 ≤ y ≤ e600).
Together with (9) this shows that |δ(x)| ≤ M38 for x ≥ 238. To show that
η(x) satisfies the same inequality, note that
0 < δ(x) − η(x) =
∑
p>x
log p
p(p− 1) <
∫ ∞
x
log t
t2
dt =
1 + log x
x
< 10−10 (10)
for x ≥ 239. 
6 ANDREAS WEINGARTNER
3. Proof of Theorem 1
Throughout this section we assume that θ(n) = σ(n) + 1, so that B = P
and χ(n) is the characteristic function of the set of practical numbers. We
need to estimate α = (1− e−γ)c = limN→∞ αN , where
αN =
∑
n≤N
χ(n)
n

 ∑
p≤θ(n)
log p
p− 1 − log n

 ∏
p≤θ(n)
(
1− 1
p
)
. (11)
We write α = αN + βN , with αN being computable by (11). To estimate
βN , note that (4) implies
βN =
∑
n>N
χ(n)
n
(
η(θ(n)) + log(θ(n)/n)− γ
) ∏
p≤θ(n)
(
1− 1
p
)
. (12)
Let
εN =
∑
n>N
χ(n)
n
∏
p≤θ(n)
(
1− 1
p
)
= 1−
∑
n≤N
χ(n)
n
∏
p≤θ(n)
(
1− 1
p
)
,
by Lemma 1. The last equation allows us to calculate εN on a computer.
The contribution from −γ to (12) is −γεN . If n is practical, then n− 1 can
be written as the sum of some proper divisors of n, so σ(n)−n ≥ n− 1 and
θ(n) = σ(n) + 1 ≥ 2n. The contribution from η(θ(n)) to (12) in absolute
value is therefore at most∑
n>N
χ(n)
n
|η(θ(n))|
∏
p≤θ(n)
(
1− 1
p
)
≤ E(2N)εN ,
where
E(x) := sup
y≥x
|η(y)|.
It remains to estimate the contribution from log(θ(n)/n) to (12), that is∑
n>N
χ(n)
n
log
(
σ(n) + 1
n
) ∏
p≤θ(n)
(
1− 1
p
)
= TN +DN ,
where
TN :=
∑
n>N
χ(n)
n
log(σ(n)/n)
∏
p≤θ(n)
(
1− 1
p
)
and
0 < DN =
∑
n>N
χ(n)
n
log(1 + 1/σ(n))
∏
p≤θ(n)
(
1− 1
p
)
<
εN
2N
,
since 0 < log(1 + 1/σ(n)) < 1/σ(n) ≤ 1/(2n − 1) < 1/(2N). Combining
these estimates, we have
αN + TN + εN (−γ −E(2N)) < α < αN + TN + εN (−γ +1/(2N) +E(2N)).
(13)
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To compute TN we write TN = A− UN , where
UN =
∑
n≤N
χ(n)
n
log(σ(n)/n)
∏
p≤θ(n)
(
1− 1
p
)
can be calculated on a computer and
A =
∑
n≥1
χ(n)
n
∑
q≤θ(n)
Wq
∏
p≤θ(n)
(
1− 1
p
)
,
by Lemma 3. We write
A =
∑
1≤n≤N
+
∑
n>N
= AN + VN ,
say. For practical n > N we have θ(n) > 2N , so∑
q≤2N
Wq ≤
∑
q≤θ(n)
Wq <
∑
q≥2
Wq <
∑
q≤2N
Wq+
∑
q>2N
1
q(q − 1) <
∑
q≤2N
Wq+
1
2N
,
by Lemma 3. Thus
εN
∑
q≤2N
Wq < VN < εN

∑
q≤2N
Wq +
1
2N

 . (14)
To calculate Wq efficiently, we write
Wq =
− log(1− 1/q)
q
+ (q − 1)
∑
h≥1
log(1− 1/qh+1)
qh+1
=
− log(1− 1/q)
q
− (q − 1)
∑
h≥1
1
qh+1
∑
j≥1
1
j
(
1
qh+1
)j
=
− log(1− 1/q)
q
−
∑
j≥1
q − 1
jqj+1(qj+1 − 1)
=
− log(1− 1/q)
q
−
∑
1≤j≤J
q − 1
jqj+1(qj+1 − 1) −Rq,J =Wq,J −Rq,J ,
say, where
0 < Rq,J <
1
J + 1
∑
j>J
q − 1
qj+1(qj+1 − 1) <
1
J
∑
j>J
q − 1
q2j+2
=
1
Jq2J+2(q + 1)
.
Thus∑
q≥2
Rq,J <
∑
q≥2
1
Jq2J+2(q + 1)
<
1
3J
(
1
22J+2
+
∫ ∞
2
x−2J−2dx
)
<
1
J22J+3
,
for J ≥ 2. Replacing Wq by Wq,J > Wq in (14) yields
εN
(
Y2N,J − 1
J22J+3
)
< VN < εN
(
Y2N,J +
1
2N
)
, (15)
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where
Y2N,J =
∑
q≤2N
Wq,J .
Replacing Wq by Wq,J in AN gives
AN,J − 1− εN
J22J+3
< AN < AN,J , (16)
where
AN,J =
∑
n≤N
χ(n)
n
∑
q≤θ(n)
Wq,J
∏
p≤θ(n)
(
1− 1
p
)
.
Since TN = A − UN = AN + VN − UN , combining (15) and (16) with (13)
yields the lower bound
α > αN +AN,J − UN − 1
J22J+3
+ εN
(
Y2N,J − γ − E(2N)
)
and the upper bound
α < αN +AN,J − UN + εN
(
Y2N,J +
1
N
− γ + E(2N)
)
.
We let J = 13 and N = 231, so that E(2N) ≤ M32 = 2.174 × 10−5 by
Lemma 4. Dividing both bounds for α by 1− e−γ , we get
1.33607322 < c < 1.33607654. (17)
4. Discussion
Without precomputing the products and sums over primes, calculating
αN , εN , AN,J and UN would take N
2+o(1) steps. To avoid this, we make a
table with the practical numbers n ≤ N in the first column and the values
of θ(n) = σ(n) + 1 in the second column. We then sort the table according
to θ(n). Next, we compute the three quantities∏
p≤θ(n)
(
1− 1
p
)
,
∑
p≤θ(n)
log p
p− 1 ,
∑
q≤θ(n)
Wq,J ,
recursively, for increasing values of θ(n), and store these values in columns
3 through 5 of our table. Finally, we sort the entire table according to n in
the first column. Creating this table takes N1+o(1) steps and N1+o(1) bytes
of memory. Calculating αN , εN , AN,J and UN , with the use of this table,
requires N1+o(1) steps.
With J = 13 and N = 231, the calculations took just over thirteen hours
on a computer with sixteen gigabytes of RAM. Increasing N further would
require more memory, because of the large table.
Note that the gap between the upper and lower bound for α is
2εNE(2N) +
εN
N
+
1
J22J+3
= 2εNE(2N) +O(1/N),
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if J22J+3 ≥ N . It follows from (1) that εN ∼ ce−γ/ logN . After dividing
by 1− e−γ , the gap for c is asymptotic to
2ce−γE(2N)
(1− e−γ) logN . (18)
The width of the interval in (17) is 3.32 × 10−6. If we increase N from
231 to 236, Lemma 4 would allow us to replace M32 = 2.174 × 10−5 by
M37 = 0.438 × 10−5 as an upper bound for E(2N). With (18), we expect
the width of the interval for c to be about 0.6× 10−6 when N = 236, while
our algorithm would require about 25 = 32 times as much memory and
computing time compared to N = 231.
Assuming the Riemann hypothesis, we have [11, Lemma 13]
E(x) = sup
y≥x
|η(y)| ≤ log
2 x
7
√
x
(x ≥ 25), (19)
so that the gap for c is O(logN/
√
N) by (18). However, the upper bounds
listed in Table 1, which are best possible, are significantly better than (19).
Without the Riemann hypothesis, combining the best known error term
in the prime number theorem with (6), (10) and (18), we find that the gap
for c is O
(
exp
{−(logN)3/5−ε}), for every ε > 0.
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